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x ~ψ = ψ1, . . . , ψk Lapal ψ1 ∈ x . . .
[ψ1] . . . [ψk−1]ψk ∈ x M
c|~ψ, x |= ϕ [ψ1] . . . [ψk]ϕ ∈ x ϕ
Mc|~ψ, x |= ϕ Mc|~ψ Mc
ψ1 ∈ x . . . [ψ1] . . . [ψk−1]ψk ∈ x
Mc, x |= ψ1 M
c, x |= [ψ1] . . . [ψk−1]ψk
ϕ ψ1 [ψ1] . . . [ψk−1]ψk




ϕ ψ p ∈ Atm
a ∈ Agt
ϕ ::= p | ⊥ | ¬ϕ | (ϕ ∨ ψ) | Kaϕ | [ϕ]ψ | ✷ϕ.
K̂aϕ 〈ϕ〉ψ
✸ϕ K̂aϕ ¬Ka¬ϕ 〈ϕ〉ψ ¬[ϕ]¬ψ ✸ϕ
¬✷¬ϕ
ϕ ϕ Sub(ϕ)
ϕ <Sub ψ ϕ ∈ Sub(ψ)
ϕ ✷ Sub(ϕ)∪{ϕ} ✷ψ
ϕ [·] Sub(ϕ) ∪ {ϕ} [ψ]χ








Size(¬ϕ) = Size(ϕ) + 1
Size(ϕ ∨ ψ) = Size(ϕ) + Size(ψ) + 1
Size(Kaϕ) = Size(ϕ) + 1
Size([ϕ]ψ) = Size(ϕ) + 3 · Size(ψ)





d✷(ϕ ∨ ψ) = {d✷(ϕ), d✷(ψ)}
d✷(Kaϕ) = d✷(ϕ)
d✷([ϕ]ψ) = d✷(ϕ) + d✷(ψ)




ϕ <Size ψ Size(ϕ) < Size(ψ)
ϕ <d✷ ψ d✷(ϕ) < d✷(ψ)






ϕ <Sub ψ ϕ <Size ψ
ϕ <Sub ψ ϕ <Sized✷ ψ
ϕ d✷(ϕ) = 0
ψ [ψ]ϕ <Sized✷ ✷ϕ






3 Size([ϕ]ψ) = Size(ϕ)+3 ·Size(ψ)
(∗) (∗∗) ϕ
ϕ <Sized✷ ¬ϕ ϕ <
Size
d✷
[ϕ]p ϕ <Sized✷ [ϕ]Kaψ







ψ <Sized✷ ϕ ∨ ψ ϕ <
Size
d✷
[ϕ]¬ψ [¬[ϕ]¬ψ]χ <Sized✷ [ϕ][ψ]χ
ϕ <Sized✷ Kaϕ [ϕ]ψ <
Size
d✷
[ϕ]¬ψ [χ][ϕ]ψ <Sized✷ [χ]✷ψ (∗∗)













(ϕ→ ξ)(ψ) = ψ → ξ(ψ)
(Kaξ)(ϕ) = Kaξ(ϕ)
([ϕ]ξ)(ψ) = [ϕ]ξ(ψ)
M = (W,R, V )
W R : Agt → P(W ×W ) a ∈ Agt
R(a) W V : Atm → P(W )
V (p) p R(a) Ra
M = (W,R, V )
‖ ϕ ‖M
w ∈ ‖ ⊥ ‖M
w ∈ ‖ p ‖M w ∈ V (p)
w ∈ ‖ ¬ϕ ‖M w 6∈ ‖ ϕ ‖M
w ∈ ‖ ϕ ∨ ψ ‖M w ∈ ‖ ϕ ‖M w ∈ ‖ ψ ‖M
w ∈ ‖ Kaϕ ‖
M v,Ra(w, v) v ∈ ‖ ϕ ‖
M
w ∈ ‖ [ϕ]ψ ‖M w ∈ ‖ ϕ ‖M w ∈ ‖ ψ ‖M
ϕ
w ∈ ‖ ✷ψ ‖M ϕ,w ∈ ‖ [ϕ]ψ ‖M
Mϕ = (W ′, R′, V ′)
W ′ = ‖ ϕ ‖M,
R′a = Ra ∩ (‖ ϕ ‖
M × ‖ ϕ ‖M),
V ′(p) = V (p)∩ ‖ ϕ ‖M .
APAL
(A0)
(A1) Ka(ϕ→ ψ) → (Kaϕ→ Kaψ)
(A2) [ϕ](ψ → χ) → ([ϕ]ψ → [ϕ]χ)




(A7) [ϕ]p↔ (ϕ→ p)
(A8) [ϕ]⊥ ↔ ¬ϕ
(A9) [ϕ]¬ψ ↔ (ϕ→ ¬[ϕ]ψ)
(A10) [ϕ](ψ ∨ χ) ↔ [ϕ]ψ ∨ [ϕ]χ
(A11) [ϕ]Kaψ ↔ (ϕ→ Ka[ϕ]ψ)
(A12) [ϕ][ψ]χ↔ [〈ϕ〉ψ]χ
(A13) ψ ✷ϕ→ [ψ]ϕ




(R4) ({ξ([ψ]ϕ) ψ }, ξ(✷ϕ))
APAL Lapal (A0) (A13)
(R0) (R4) APAL
(R4)
ϕ1(p1, . . . , pn), . . . , ϕm(p1, . . . , pn)
ψ(p1, . . . , pn)
ϕ1(p1, . . . , pn) . . . ϕm(p1, . . . , pn) ψ(p1, . . . , pn)
p1 . . . pn
ϕ1(χ1, . . . , χn) . . . ϕm(χ1, . . . , χn)




















x ⊥ 6∈ x x
ϕ ϕ ∈ x ¬ϕ ∈ x
APAL Lapal
Lapal x
ϕ ϕ 6∈ x ¬ϕ 6∈ x
x
⊥ 6∈ x
¬ϕ ∈ x ϕ 6∈ x
(ϕ ∨ ψ) ∈ x ϕ ∈ x ψ ∈ x
(R0) (R4) (R1)
(R2) (R3)
(R1) (R2) (R3) (R0) (R4)
x
y x ⊆ y
ϕ a ∈ Agt
x+ ϕ = {ψ : ϕ→ ψ ∈ x},
Kax = {ϕ : Kaϕ ∈ x},
[ϕ]x = {ψ : [ϕ]ψ ∈ x}.
4.11 4.12
ϕ a ∈ Agt x
x+ ϕ x ϕ
[ϕ]x
Kax
ϕ x x+ ϕ ¬ϕ 6∈ x
(A4) (A6)
a ∈ Agt x, y, z
Kax ⊆ x
Kax ⊆ y Kay ⊆ z Kax ⊆ z
Kax ⊆ y Kay ⊆ x
ϕ a ∈ Agt x Kaϕ 6∈ x
y Kax ⊆ y ϕ 6∈ y
ϕ x ϕ ∈ x
[ϕ]x
ϕ ∈ x [ϕ]x ⊥ ∈ [ϕ]x [ϕ]⊥ ∈
x ¬ϕ ∈ x x ϕ 6∈ x [ϕ]x
ψ ψ 6∈ [ϕ]x ¬ψ 6∈ [ϕ]x
[ϕ]ψ 6∈ x [ϕ]¬ψ 6∈ x x ¬[ϕ]ψ ∈ x ¬[ϕ]¬ψ ∈ x
¬([ϕ]ψ∨ [ϕ]¬ψ) ∈ x (A10) ¬[ϕ](ψ∨¬ψ) ∈ x
x [ϕ](ψ ∨ ¬ψ) 6∈ x ψ ∨ ¬ψ ∈ APAL [ϕ](ψ ∨ ¬ψ) ∈ APAL
[ϕ](ψ ∨ ¬ψ) ∈ x 
ϕ,ψ x 〈ϕ〉ψ ∈ x
ϕ ∈ x ψ ∈ [ϕ]x
(⇒) 〈ϕ〉ψ ∈ x 〈ϕ〉⊤ ∈ x (A8) ϕ ∈ x
[ϕ]x ψ 6∈ [ϕ]x [ϕ]x
¬ψ ∈ [ϕ]x [ϕ]¬ψ ∈ x ¬〈ϕ〉ψ ∈ x x
〈ϕ〉ψ 6∈ x
(⇐) ϕ ∈ x ψ ∈ [ϕ]x [ϕ]x
〈ϕ〉ψ 6∈ x x ¬〈ϕ〉ψ ∈ x [ϕ]¬ψ ∈ x
¬ψ ∈ [ϕ]x [ϕ]x ψ 6∈ [ϕ]x 
ϕ a ∈ Agt x ϕ ∈ x
Ka[ϕ]x = [ϕ]Kax









Mc = (W c, Rc, V c)
W c
Rc a Rca W
c
xRcay Kax ⊆ y;
V c p V c(p) W c





x ϕ ∈ x x ∈ ‖ ϕ ‖M
c
H(ϕ)
ψ ψ <Sized✷ ϕ P (ψ)
APAL <Sized✷
ϕ H(ϕ) P (ϕ)
H(ϕ) x
13
ϕ = p P (p) p ∈ x x ∈ ‖ p ‖M
c







x 6∈ ‖ ψ ‖M
c
x ∈ ‖ ¬ψ ‖M
c
¬ψ ∈ x x ∈ ‖ ¬ψ ‖M
c
ϕ = ψ ∨ χ
ψ ∨ χ ∈ x
ψ ∈ x χ ∈ x
x ∈ ‖ ψ ‖M
c
x ∈ ‖ χ ‖M
c
x ∈ ‖ ψ ∨ χ ‖M
c




y Kax ⊆ y ψ ∈ y
y xRc(a)y y ∈ ‖ ψ ‖M
c
x ∈ ‖ Kaψ ‖
Mc
Kaψ ∈ x x ∈ ‖ Kaψ ‖
Mc
ϕ = [ψ]p
(A7) [ψ]p↔ (ψ → p) [ψ]p ∈ x
ψ → p ∈ x [ψ]χ
[ψ]p ∈ x
ψ 6∈ x p ∈ x
x 6∈ ‖ ψ ‖M
c
x ∈ ‖ p ‖M
c
x ∈ ‖ [ψ]p ‖M
c





x 6∈ ‖ ψ ‖M
c
x ∈ ‖ [ψ]⊥ ‖M
c






ψ 6∈ x ¬[ψ]χ ∈ x
x 6∈ ‖ ψ ‖M
c
x ∈ ‖ ¬[ψ]χ ‖M
c
x ∈ ‖ [ψ]¬χ ‖M
c
[ψ]¬χ ∈ x x ∈ ‖ [ψ]¬χ ‖M
c
ϕ = [ψ](χ ∨ θ)
[ψ](χ ∨ θ) ∈ x
[ψ]χ ∈ x [ψ]θ ∈ x
x ∈ ‖ [ψ]χ ‖M
c
x ∈ ‖ [ψ]θ ‖M
c
x ∈ ‖ [ψ](χ ∨ θ) ‖M
c





ψ 6∈ x Ka[ψ]χ ∈ x
x 6∈ ‖ ψ ‖M
c
x ∈ ‖ Ka[ψ]χ ‖
Mc
x ∈ ‖ [ψ]Kaχ ‖
Mc





x ∈ ‖ [¬[ψ]¬χ]θ ‖M
c
x ∈ ‖ [ψ][χ]θ ‖M
c








[ψ] x ∈ ‖ [ψ][θ]χ ‖M
c
x ∈ ‖ ψ ‖M
c
x ∈ ‖ [θ]χ ‖(M
c)ψ
[ψ]✷χ ∈ x
θ [ψ][θ]χ ∈ x
θ x ∈ ‖ [ψ][θ]χ ‖M
c
x ∈ ‖ [ψ]✷χ ‖M
c
[ψ]✷χ ∈ x x ∈ ‖ [ψ]✷χ ‖M
c
ϕ = ✷ψ
χ [χ]ψ <Sized✷ ✷ψ
✷ψ ∈ x
χ [χ]ψ ∈ x
χ x ∈ ‖ [χ]ψ ‖M
c
x ∈ ‖ ✷ψ ‖M
c











ϕ ϕ ϕ ∈ APAL
ϕ ϕ 6∈ APAL
x ¬ϕ x ∈ ‖ ¬ϕ ‖M
c




6= W c ϕ

APAL
<Sized✷

